Let L 1 (G) be the L 1 -algebra associated with a left invariant Haar measure on the locally compact group G. In the sequel of the work of H.G. Dales and M.E. Polyakov, [D-P] , we will give a few more examples supporting Helemskii's philosophy on the relation between the projectivity of L 1 (G)-modules and the compactness of G on the one hand, and between the flatness of L 1 (G)-modules and the amenability of G on the other; see for instance [He1, p.238] , or [He1, IV. Theorem 5.13, p.190] and [He1, VII. Theorem 2.35, p.260] .
If A is an abstract Banach algebra and A + = A ⊕ C its unitization, L a will denote the operator of left multiplication by a ∈ A on either A or A + . A Banach left A-module X will always be contractive such that the action π : A ⊗X → X, π(a ⊗ x) = ax, is a linear contraction; ⊗ denotes the projective tensor product of Banach spaces, and L the space of all bounded linear mappings. For any Banach left A-module X, its dual Banach space, X * , becomes a Banach right A-module by defining x, x * a = ax, x * , for x ∈ X, x * ∈ X * , a ∈ A. We shall always use the canonical isometrical isomorphism (A ⊗X) * = L(A, X * ).
A Banach left A-module X is called essential if the linear span of the products ax (a ∈ A, x ∈ X) is dense in X. In case A = L 1 (G) , every essential Banach left L 1 (G)-module is a Banach G-module such that for any x ∈ X the map s → sx is continuous from G into X and satisfies sx = x for all s ∈ G. Conversely, every Banach G-module is an essential Banach L 1 (G)-module. Left translation by s ∈ G will be denoted by 1. Projectivity over L 1 (G) 1.1. Criterion. -Let A be a Banach algebra and X be a Banach left A-module. X is projective if and only if there is a bounded linear map ρ such that π • ρ = 1 X and ρ(ax) = (L a ⊗1 X )(ρx), for x ∈ X, a ∈ A:
X is called c-projective, for some constant c > 0, if there is such a ρ of norm ρ c, cf. [W, Proposition 2.8, p.158] . -If X is essential, A + may be replaced by A.
Denoting the continuous contractive action of s ∈ G on x ∈ X by sx, and identifying
and
provided the Haar measure of G having been chosen equal to one. This implies the 1-projectivity of X.
Here we are rather interested in the converse question: given an L 1 (G)-module X, when does the projectivity of X imply the compactness of G? The main tool for deciding this is the following lemma of Yu. V. Selivanov, cf. [S1, Lemma 1.4, p.389] and [S2, Corollary 1. p.212].
1.3. Lemma (Selivanov) . -Let A be a Banach algebra and X be an essential Banach left A-module such that either A or X satisfy Grothendieck's approximation condition. If X is projective then there exists for every x = 0 in X an A-module homomorphism ϕ : X → A with ϕ(x) = 0.
1.4. Proposition. -Let G be a locally compact group. If there exists a projective essential Banach left L 1 (G)-module X with X * being either norm separable or weakly sequentially complete, then G is compact.
Proof. Since A = L 1 (G) enjoys the approximation property, the projectivity of X implies by (1.3) the existence of a non-zero
, is weakly compact, in case X * being norm separable by [G, Corollaire 1, p.168] and in case X * being weakly sequentially complete by VI.7.6 Theorem, p.494] , ϕ is weakly compact as well. Since for any x ∈ X its G-orbit {sx : s ∈ G} is norm bounded in X, it follows from ϕ(sx) = L s (ϕx), s ∈ G, that its image is relatively weakly compact in L 1 (G) . Since ϕ(x) = 0 in L 1 (G) for some x ∈ X, the Dunford-Pettis theorem implies the compactness of G, cf. [La, Theorem 4.8, p.137] 
1.6. Example. Let π be a continuous unitary representation of the locally compact group G on a Hilbert space h and let X = L p (h), 1 < p < ∞, be the space of all operators T on h such that trace (T * T )
, of all compact operators on h with the same action and noting that the dual of any C * -algebra is weakly sequentially complete, [T1, III. Corollary 5.2, p.148], we have
-modules whose duals are weakly sequentially complete such that
The same applies for the
, a special case of (1.6).
, which is norm separable whenever the topology of G has a countable base:
, then ϕ is continuous and bounded and defines a bounded linear operator, m ϕ , on the Banach space A(G), m ϕ (u) = ϕu (u ∈ A(G)). With this in mind we define
with norms
is called the space of completely bounded multipliers, and M A(G) the space of all multipliers of A (G) . Denoting by Q 0 (G) and Q(G) the completions of L 1 (G) with 
we get two translation invariant Banach spaces whose duals are isometrically isomorphic with M 0 A(G) and M A(G), respectively: 2.1. Criterion (Aristov). -Let A be a Banach algebra and X be a Banach left Amodule. X is flat if and only if there is a bounded linear map ρ from X into the bidual (A + ⊗X) * * such that π * * • ρ = ι X , the canonical embedding of X into X * * , and ρ(ax) = (L a ⊗1 X ) * * (ρx), for x ∈ X and a ∈ A: 2.2. Criterion (dual). -Let A be a Banach algebra, X be a Banach left A-module and X * its dual right A-module. X is flat if and only if there is a bounded linear map λ from
In this case, X * is called an injective right A-module, and c-injective if there is such a λ of norm λ c . -If X is essential, A + may again be replaced by A.
Clearly, a left A-module X is c-flat if and only if its dual right A-module X * is cinjective. For a discussion of injectivity see, for instance, Definition 1.5 and Propositions 1.6 and 1.7 in [D-P, p.394 ] .
, the space of all bounded functions Φ : G → X *
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such that, for any x ∈ X, t → x, Φ(t) is measurable on G, there corresponds to every
cf. [T1, IV. Proposition 7.16, p.262]. Considering X as a (continuous, contractive) Banach G-module, the function t → t −1 x, Φ(t) is bounded and measurable in t ∈ G such that
defines a linear contraction λ,
and s ∈ G. It follows that X * is 1-injective and X 1-flat.
Remark.
In spite of the similarity of the diagrams in (1.1) and (2.1) one must not expect that every flat Banach left module X over a Banach algebra A admits a non-zero A-module homomorphism ϕ : X → A * * . Indeed, let G be an amenable locally compact group and let
Again, we are interested in the question: given an L 1 (G)-module X, when does flatness of X imply amenability of G ? Several examples are given in [D-P] , and we will add a few more. G) . By the left invariance of Haar measure, the duality τ :
Example
2.6. Example. Let π be a continuous unitary representation of G on the Hilbert space h, K(h) the C * -algebra of compact operators on h with sT = π(s)T π(s −1 ) , for s ∈ G, T ∈ K(h), such that its dual module h ⊗h has the action (ξ ⊗ η)s = π(s −1 )ξ ⊗ π(s −1 )η, for s ∈ G and ξ ⊗ η ∈ h ⊗ h (h and π denoting the complex-conjugates of h and π, respectively). Therefore the trace τ : h ⊗h −→ C is G-invariant, and we conclude as in (2.5): G) be the full C * -algebra of G, and Q 0 (G) be the Banach space defined in (1.9). Endowing both of them with left translation by G, we have
Proof. One direction follows from (2.3). To prove the other one we will show that the injectivity of the dual modules, C * (G) * and Q 0 (G) * , implies the amenability of G. Identifying C * (G) * with the space, B(G), of coefficients of all continuous unitary representations of G, and Q 0 (G)
. By a theorem of Bożejko and Fendler, [B-F] or [J] , every ϕ ∈ M 0 A(G) can be written as ϕ(t −1 s) = (Φ 1 (s)|Φ 2 (t)) for (s, t) ∈ G × G, where Φ 1 , Φ 2 : G → h are two continuous bounded functions with values in some Hilbert space h. It follows that every such ϕ is weakly almost periodic: G) . Denoting by 1 G the constant function corresponding to the trivial representation of dimension one, we have G) , and so it suffices to prove the statement for M 0 A (G) .
is injective as a right Banach G-module, we have a map λ as in (2.2),
Associating with every ϕ ∈ L ∞ (G) the operator T ϕ , as kindly suggested to us by N. Monod, [M] ,
we get by left invariance of Haar measure
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from which the amenability of G follows.
2.8.. In [S2, Theorem 1, p.211], Selivanov showed that for any projective module X over a Banach algebra A there is a bounded linear projection from L(X) onto the subspace, L A (X), of A-module homomorphisms. In the same vein, there is for any flat X a bounded linear projection from L(X * ) onto L A (X * ), the space of homomorphisms of the dual module X * , and if X is c-flat the projection can be chosen of norm c. Since, in this case, X * is injective, this follows from the following lemma which we will formulate only for left modules. Proof. According to the definition, cf. Proposition 1.6, p.394] , there is a bounded linear map λ of norm λ c, satisfying
α being given by (αy)(a) = ay, for y ∈ Y and a ∈ A + , and R a denoting right multiplication by a on A + . Defining P by (P T )(y) = λ(T • αy), for T ∈ L(Y ), y ∈ Y , we see that P is a bounded linear operator on L(Y ) of norm P λ satisfying, for T ∈ L(Y ) and a ∈ A, Remark. The question of how the bound of the projection can be relaxed is discussed by Pisier in [P] and by and [C-S2] .
2.10. Example. Let G be a discrete group and let l 1 (G) act on l 2 (G) by left or right convolution. Then the Banach l 1 (G)-module l 2 (G) is 1-flat if and only if G is amenable:
